Abstract. The paper provides computations of the first non-vanishing A 1 -homotopy sheaves of the orthogonal Stiefel varieties which are relevant for the unstable isometry classification of quadratic forms over smooth affine scheme over perfect fields of characteristic = 2. Together with the A 1 -representability for quadratic forms, this provides the first obstructions for rationally trivial quadratic forms to split off a hyperbolic plane. For even-rank quadratic forms, this first obstruction is a refinement of the Euler class of Edidin and Graham. A couple of consequences are discussed, such as improved splitting results over algebraically closed base fields as well as examples where the obstructions are nontrivial.
Introduction
The present paper continues the investigation of analogues of Witt cancellation for stably trivial quadratic forms over smooth affine schemes which was started in [Wen17] , originally motivated by the MathOverflow question 166249 "Metabolic vs stably metabolic" by K.J. Moi. In the previous paper, some low-dimensional results and examples were discussed; this time, the focus is on higher-dimensional schemes. The question which will be investigated in the paper is if a stably hyperbolic or stably trivial quadratic form splits off a hyperbolic plane. Over a field, stably hyperbolic implies hyperbolic by Witt cancellation. Over schemes, this is no longer true: stably trivial forms don't necessarily split off hyperbolic planes and it is interesting to know what kind of invariants can detect this failure. For generically trivial forms over smooth affine schemes over perfect fields of characteristic = 2, such questions can, via the A 1 -representability theorems of [AHW18] , be translated into questions of A 1 -obstruction theory. Eventually, the above question is a question about reduction of structure group along the stabilization morphism SO(n) → SO(n + 2). Hence the relevant spaces controlling the splitting questions are the orthogonal Stiefel varieties V 2,n+2 := SO(n + 2)/ SO(n). The goal of the The computation proceeds along the classical lines, cf. [Ste51] , by writing out an explicit trivialization of the torsor SO(n) → SO(n + 1) → Q n to obtain an explicit description of the connecting map in the long exact homotopy sequence. The homotopy sheaves of the Stiefel varieties are then given as cokernel of the connecting map whose degree can be computed explicitly. Actually, the computation provides similar information on some higher homotopy sheaves of orthogonal Stiefel varieties: for V 2,2n+1 , Morel's Freudenthal suspension theorem can be used to show that the homotopy sheaves of orthogonal Stiefel varieties are (in some stable range) built from kernel and cokernel of multiplication by 2 or h on the corresponding homotopy sheaves of spheres, depending on parity, cf. Theorem 4.3. In the case V 2,2n , the splitting as product of homotopy sheaves of spheres is true in all degrees. In particular, some higher obstruction groups can be identified as soon as more information on A 1 -homotopy sheaves of spheres becomes available. From the above computations of the relevant obstruction groups, we can deduce some stronger splitting results such as the following, cf. Proposition 5.7 and 5.14 as well as further discussion and examples in Section 5.2: Corollary 1.4. Let F be an algebraically closed field of characteristic unequal to 2 and let X = Spec A be a smooth affine variety of dimension d over F .
(1) A generically trivial quadratic form (P, φ) over A of rank 2d + 1 which admits a spin lift splits off a hyperbolic plane. (2) A generically trivial form (P, φ) over A of rank 2d which admits a spin lift splits off a hyperbolic plane if and only if its Edidin-Graham Euler class is trivial.
Beyond the Edidin-Graham Euler class statement above, the obstruction classes haven't been identified exactly. Of course, more precise results and examples could be provided if one could identify the obstruction classes explicitly in terms of characteristic classes of the quadratic forms. However, at this point, the Chow-Witt characteristic classes of the orthogonal groups are not known. As the computation of CH • (B Nis G, L ) for G = O(n) resp. G = SO(n) appears to be significantly more complicated than for G = Sp 2n , GL n , SL n , the relevant computations will be subject for future research.
As a final remark, I want to mention that it is also possible to ask if a stably hyperbolic form is the hyperbolic form of a vector bundle. Again, this question reduces to Witt cancellation over fields, but over schemes, stably hyperbolic forms aren't necessarily hyperbolic. In terms of bundle classification, this is the question of reduction of structure group along the hyperbolic homomorphism H : GL n → SO(2n). The relevant obstruction theory is controlled by the space Γ n = SO(2n)/ GL n . It is easy to show that the stabilization morphism Γ n → Γ n+1 induces isomorphisms on π A 1 i for i ≤ n − 2, and the homotopy sheaves in this range are given by π
i . This shows that under the conditions of Theorem 1.1, a stably hyperbolic form is already the hyperbolic form associated to some vector bundle (which is also covered by the results of Roy [Roy68] ). Computations of the first unstable homotopy sheaf could probably be done along the lines of the computations of Harris [Har63] and Massey [Mas61] ; note that the topological analogue of the hyperbolicity question above is the classification of almost complex structures on real vector bundles of even rank.
1.2. Structure of the paper. We start with some preliminaries on quadratic forms and orthogonal groups in Section 2. The computation of the A 1 -homotopy of the Stiefel varieties requires the discussion of an orthogonal clutching construction, explicit trivializations of SO(2n + 1)-torsors and computations of degrees of maps between motivic spheres in Section 3. This leads to the description of some A 1 -homotopy sheaves for orthogonal Stiefel varieties in Section 4; consequences for splitting theorems and relevant examples are then given in Section 5. The appendix A also discuss some structural statements concerning the first unstable A 1 -homotopy sheaves of the orthogonal groups SO(2n − 1).
Preliminaries on quadratic forms and orthogonal groups
In this paper, F always denotes a perfect field of characteristic = 2. We consider smooth affine schemes X = Spec A over F and are interested in classification results for quadratic forms over the ring A. In the present section, we provide a short recollection on quadratic forms, orthogonal groups and their associated quadrics and Stiefel varieties. We also shortly discuss the A 1 -representability results for orthogonal groups and the resulting A 1 -obstruction theory approach to splitting questions.
2.1. Quadratic forms as torsors. Most of the material concerning quadratic forms can be found in standard textbooks on the subject, such as [Knu91] (or [Roy68, Sections 3,4] which also deals with splitting questions similar to the ones in the present paper). A similar recollection was already used in [Wen17] .
Definition 2.1. Let F be a field of characteristic unequal to 2.
• A quadratic form over a commutative F -algebra A is given by a finitely generated projective A-module P together with a map φ : P → A such that for each a ∈ A and x ∈ P, we have φ(ax) = a 2 φ(x) and
• The rank of the quadratic form is defined to be rank of the projective module P.
• A quadratic form (P, φ) is non-singular or non-degenerate if the morphism
• A morphism f : (P 1 , φ 1 ) → (P 2 , φ 2 ) of quadratic forms is an A-linear map f : P 1 → P 2 such that φ 2 (f (x)) = φ 1 (x) for all x ∈ P 1 . An isomorphism of quadratic forms is also called an isometry. The automorphism group of a quadratic form is called the orthogonal group of the quadratic form.
• Given two quadratic forms (P 1 , φ 1 ) and (P 2 , φ 2 ), there is a quadratic form
which is called the orthogonal sum.
Example 2.2. Let A be a commutative ring and let P be a finitely generated projective module. Then there is a quadratic form whose underlying module is P ⊕ P ∨ , equipped with the evaluation form ev : (x, f ) → f (x). The quadratic form (P ⊕ P ∨ , ev) is called the hyperbolic space associated to the projective module P. In the special case where P = A is the free module of rank 1, this is called the hyperbolic plane H over A.
The following are the standard hyperbolicity notions from quadratic form theory, cf. [Knu91, Section VIII.2]. Definition 2.3. A quadratic form is called hyperbolic, if it is isometric to H(P) for some projective module P. A quadratic form (P, φ) is called stably hyperbolic if there exists a projective module Q such that (P, φ) ⊥ H(Q) is hyperbolic. A quadratic form (P, φ) over an integral domain A is called rationally hyperbolic if
Remark 2.4. Note that stably hyperbolic forms are then necessarily of even rank, and stably hyperbolic forms are those that become 0 in the Witt ring.
For the purposes of the present paper, we will also be interested in stricter notions of stable triviality of quadratic forms: Definition 2.5. A quadratic form (P, φ) is called stably trivial if it becomes isometric to one of the split forms H ⊥n or H ⊥n ⊥ (A, a → a 2 ) after adding sufficiently many hyperbolic planes.
The stably trivial forms are those which represent classes in
The classical Witt cancellation theorem implies in particular that the notions of hyperbolic, stably trivial and stably hyperbolic all agree over fields: Proposition 2.6 (Witt cancellation theorem). Let k be a field of characteristic = 2 and let (V 1 , φ 1 ) and (V 2 , φ 2 ) be two quadratic forms over k.
In particular, a stably hyperbolic form is hyperbolic.
Remark 2.7. All quadratic forms over fields considered in this paper are hyperbolic or of the form H ⊥n ⊕(A, a → a 2 ). In abuse of notation, the group SO(n) will always denote the special orthogonal group associated to the split form of rank n. I apologize to anyone who might be offended by this. Now we recall the representability theorem for torsors from [AHW18] . The identification of quadratic forms with torsors for the orthogonal groups is classical, cf. [RV06, Section 5] or [Wen17, Section 2].
Theorem 2.8. Let k be a field, and let X = Spec A be a smooth affine k-scheme. Let G be a reductive group such that each absolutely almost simple component of G is isotropic. Then there is a bijection
between the pointed set of isomorphism classes of rationally trivial G-torsors over X and the pointed set of A 1 -homotopy classes of maps X → B Nis G.
As a consequence, for the split group SO(n) and a smooth affine scheme X = Spec A, we get a natural bijection between the pointed set of generically split quadratic forms over the ring A and the pointed set of homotopy classes of maps [X, B Nis SO(n)] A 1 .
1 There is a similar statement for the spin groups which are A 1 -connected. In this case, the corresponding classifying spaces are A 1 -simply connected and consequently there is a canonical bijection between pointed maps X + → B Nis Spin(n) and unpointed maps X → B Nis Spin(n). This is not true for the special orthogonal groups, where the sheaf of connected components is the Nisnevich sheaf H 1 et (µ 2 ); the unpointed classification is given by taking a quotient of the pointed result by the action of the fundamental group sheaf, cf. [Wen17] for more details.
2.2. Split orthogonal groups. For some of the computations, we will need an explicit description of the split orthogonal groups.
For the orthogonal group SO(2n) on an even-dimensional vector space, the set of variables is given by (X 1 , . . . , X n , X −n , . . . , X −1 ), and the symmetric bilinear form of rank 2n is given by B(u, v) = u t Jv where J is the matrix with J α,β = δ α,−β . The associated quadratic form is n i=1 X i X −i . The orthogonal group O(2n) is the subgroup of GL 2n consisting of the matrices A satisfying AJA t = J. The special orthogonal group SO(2n) is given as the intersection SO(2n) = SL 2n ∩ O(2n) inside GL 2n .
For the orthogonal group SO(2n + 1), we use the following concrete realization of the split symmetric bilinear form of rank 2n + 1, cf. [Vav04, Section 1]. The set of variables is given by (X 1 , . . . , X n , X 0 , X −n , . . . , X −1 ). Consider the matrix
The orthogonal group O(2n+1) is the subgroup of GL 2n+1 consisting of the matrices A satisfying AJA t = J. The special orthogonal subgroup SO(2n + 1) is given as the intersection SO(2n + 1) = SL 2n+1 ∩ O(2n + 1) inside GL 2n+1 .
The orthogonal group O(2n + 1) preserves the bilinear form B(u, v) = u t Jv, resp. the quadratic form X 2 0 + n i=1 X i X −i . The inner product of the standard basis vectors (e 1 , . . . , e n , e 0 , e −n , . . . , e −1 ) is given by
An orthogonal basis (with vectors of length 1 or −1) is given by
A vector u = (t 1 , . . . , t n , t 0 , t −n , . . . , t −1 ) can be expressed in the orthogonal basis as follows:
In the above orthogonal groups, we have the natural (Householder) reflections: if w is a vector which is not isotropic, then the reflection at the hyperplane perpendicular to w is given by
If u, v are vectors in V such that w := u − v is not isotropic, the above reflection for w maps u to v.
Quadrics and Stiefel varieties.
We recall some facts about smooth affine split quadrics and Stiefel varieties. First, the odd-dimensional smooth affine split quadrics are defined as follows:
For the even-dimensional quadrics, there are two possible presentations over fields of characteristic = 2. One definition, the one used e.g. in [ADF15] provides a scheme definable over the integers:
However, it seems that this quadric is not globally a homogeneous space for the split orthogonal groups over Z. Since the later computations and constructions require the relation to the orthogonal groups, we will use the following presentation of the smooth split affine quadrics, defined by the quadratic form q used to define the explicit model of SO(2n + 1) discussed above:
An isomorphism between the quadrics Q 2n and Q ′ 2n is given as follows, cf.
2 Note that the explicit isomorphism is only found in some earlier arXiv version, not the published version of the paper. . Consider the stabilization homomorphism SO(n − 2) ֒→ SO(2). The corresponding quotient V 2,n := SO(n)/ SO(n − 2) is one example of a Stiefel variety. Since homogeneous spaces GL n / GL n−k have been already been called Stiefel varieties in the motivic homotopy literature, we will use the distinction orthogonal Stiefel varieties. There is a fiber bundle
This morphism takes the form
Via the above identifications of SO(n)/ SO(n − 1) as smooth affine quadrics, this allows to write the orthogonal Stiefel varieties as sphere bundles over a sphere:
Via the representability results of [AHW18] , the above geometric statements provide A 1 -fiber sequences which we will use to describe some A 1 -homotopy sheaves of orthogonal Stiefel varieties.
First of all, there is an A 1 -fiber sequence related to stabilization and splitting off hyperbolic planes. If X → B Nis SO(n) classifies a generically trivial quadratic form, the form splits off a hyperbolic plane if and only if the classifying map lifts through B Nis SO(n − 2) → B Nis SO(n). By the below fiber sequence, the obstructions to splitting off hyperbolic planes will then live in the cohomology with coefficients in
Proposition 2.9. Let F be a perfect field of characteristic = 2. Under the correspondence of Theorem 2.8, the morphism
induced from the standard embedding SO(n − 2) → SO(n) corresponds to adding a hyperbolic plane. There is an A 1 -homotopy fiber sequence
Proof. The SO(n−2)-torsor SO(n) → V 2,n is Zariski-locally trivial: it is the universal SO(n−2)-torsor which becomes trivial after adding a hyperbolic plane. By Witt cancellation, it must already be rationally trivial. The easiest way to understand the A 1 -homotopy sheaves of the Stiefel varieties V 2,n is the following fiber sequence: Lemma 2.11. Let F be a perfect field of characteristic = 2. There is an A 1 -fiber sequence Q n−2 → V 2,n → Q n−1 , and consequently there is a long exact sequence of A 1 -homotopy sheaves Proof. By definition, V 2,n ∼ = SO(n)/ SO(n− 2), and the intermediate group SO(n− 1) gives rise to the maps Q n−2 ∼ = SO(n − 1)/ SO(n − 2) ֒→ V 2,n and V 2,n ։ SO(n)/ SO(n−1) ∼ = Q n−1 . Zariski-locally, the Q n−2 -bundle V 2,n → Q n−1 is trivial; and it is the associated bundle for the SO(n − 1)-torsor SO(n) → Q n−1 and the natural transitive SO(n − 1)-action on Q n−2 , by definition. From this, using the results on associated bundles from [Wen11] , the claimed fiber sequence is obtained via pullback from the fiber sequence for Q n−2 as follows:
The claim about A 1 -homotopy sheaves follows directly.
Obstruction theory.
We recall some basics of relative obstruction theory and Moore-Postnikov factorizations which are used for the obstruction-theoretic approach to torsor classification in A 1 -homotopy. Most of the material here is taken from [AF15] .
Suppose that p : (E, x) → (B, y) is a pointed map of A 1 -connected spaces and let F be the A 1 -homotopy fiber of p. Assume that p is an A 1 -fibration, B is A 1 -local and that F is A 1 -simply connected. Then there are pointed spaces (
and commutative diagrams
such that the following statements are satisfied:
is an isomorphisms for n ≤ i and an epimorphism for n = i + 1.
is an isomorphism for n > i + 1 and a monomorphism for n = i + 1.
For any i, there is an A 1 -fiber sequence
Moreover, the p (i) are twisted principal A 1 -fibrations, in the sense that there is a unique morphism (up to A 1 -homotopy)
If the base space B is A 1 -simply-connected, this reduces to an A 1 -fiber sequence
. For a smooth scheme X with a morphism f : X → B, the above Moore-Postnikov factorization provides a sequence of obstructions to lifting f along p : E → B: if we have already lifted to E (i) , then a lift to E (i+1) exists if and only if the composition
then the obstruction is simply a cohomology class in H i+1
Nis (X, π We shortly discuss the specific case of quadratic forms. First, we note that there is a sequence of A 1 -fiber sequences
Since the classifying spaces of the spin groups are A 1 -simply-connected, the obstruction groups for splitting off a trivial Spin(2)-torsor from a Spin(n + 2)-torsor on a smooth scheme X are given by H i+1 Nis (X, π
On the other hand, the classifying spaces of the orthogonal groups have a nontrivial A 1 -fundamental group, given by H 1 et (µ 2 ). We need to discuss the action of H 1 et (µ 2 ) on the A 1 -homotopy sheaves of the classifying spaces B Nis SO(n). Note that over a field
To understand the action of the square residues on the sections of π . If X is a smooth F -scheme and f : X → B Nis SO(n) is a map, then the obstruction to lifting f through the universal covering B Nis Spin(n) → B Nis SO(n) is a torsor over X with structure group G m /2, the spinor norm torsor, which can be concretely described as follows. Assume we have a Nisnevich covering U i → X trivializing the SO(n)-torsor. The transition maps are morphisms U i × X U j → SO(n). We can compose these with the spinor norm SO(n) → G m /2, and this provides the transition function for the G m /2-torsor over X. If this torsor is trivial, then the maps X → K
By the discussion in [Wen17, Section 6], stably trivial quadratic forms always have spin lifts; and we will only focus on rationally trivial quadratic forms which have a spin lift in this paper. In particular, there is no need to deal with equivariance for the fundamental group H 1 et (µ 2 ) of the classifying spaces B Nis SO(n) for the present investigation. Put differently, to determine if a quadratic form splits off a hyperbolic plane, we can choose a spin lift and then use the above obstruction groups to determine if it splits off a trivial Spin(2)-torsor.
Orthogonal clutching and connecting map
For the later computation of the first non-vanishing A 1 -homotopy sheaf of the orthogonal Stiefel varieties, we need to identify the SO(2n)-torsor SO(2n+1) → Q 2n in terms of a clutching construction for a morphism Q 2n−1 → SO(2n). This is obtained by an explicit trivialization of the torsor SO(2n + 1) → Q 2n similar to the classical results in [Ste51, Section 23]. We also compute the degree of the composition Q 2n−1 → SO(2n) → Q 2n−1 of the clutching function and the natural projection. These computations will be used in the description of the connecting map in the long exact A 1 -homotopy sequence for the Stiefel fibration Q 2n−1 → V 2,2n+1 → Q 2n of Lemma 2.11.
3.1. Recollection of the clutching construction. We shortly review the algebraic version of the clutching construction for vector bundles which was established in [ADF15] . The relevant covering for the clutching construction for the quadric Q 
Via the isomorphism Q 
This induces a morphism Q 2n → Σ 1 s Q 2n−1 , and the map Q 2n → BG classifying a G-torsor over Q 2n corresponds, via adjunction 
The first map is the natural bijection between clutching functions and torsors, and the composition is the identity. In particular, if we have a trivialization of a Gtorsor over the open subschemes D(Z ± 1) with the associated transition function
Remark 3.2. Via the natural bijections in the proof of Proposition 3.1, we also see that every rationally trivial G-torsor (for an isotropic group G) has a trivialization in the covering D(Z ± 1) of Q 2n , with a transition function which is pulled back along To obtain an explicit trivialization of the torsor π over the principal open subset D(1 + Z), we follow the construction in [Ste51, 23.3]: in classical topology, one fixes a base point x n ∈ S n and sends a vector x to the matrix which is the rotation from x n to x on the plane spanned by x n and x, and is the identity on the orthogonal complement of that plane.
We want to employ the same construction for the split orthogonal groups. For a coordinate-free formula for the above rotation, we can use the composition of two reflections at hyperplanes, one perpendicular to x and the other perpendicular to the bisector of the angle between x and x n for which we can take x + x n since both are unit vectors.
3 The relevant coordinate-free expression for the rotation is then
which in the situation of [Ste51, 23.3] reproduces exactly the matrix in loc.cit. Now we consider this formula in the odd-dimensionsal split setting, given by the bilinear form B(u, v) = u t Jv. Recall that we denote vectors in V = F 2n+1 by (t 1 , . . . , t n , t 0 , t −n , . . . , t −1 ), with natural basis given by (e 1 , . . . , e n , e 0 , e −n , . . . , e −1 ). The corresponding orthogonal basis (with vectors of length 1 or −1) is v ±i = e i ± e −i and v 0 = e 0 . We choose v 0 as the relevant base point which should be rotated into a given vector u = (t 1 , . . . , t n , t 0 , t −n , . . . , t −1 ) on Q 2n . The rotation applied to v ±i
and the rotation applied to v 0 yields
Now we express u = (t 1 , . . . , t n , t 0 , t −n , . . . , t −1 ) in the above orthogonal basis:
In particular, the entries of the representing matrix for the rotation above are given as follows: the v ±j -coordinate of the image of v ±i is given as
the v 0 -coordinate of the image of v ±j is given by (t −j ± t j ), and the coordinates of the image of v 0 = u are as above. 4 The fact that the matrix is orthogonal and maps v 0 to u (provided that 1 + t 0 is invertible) follows from the construction. We denote by ρ : D(1 + Z) → SO(2n + 1) the corresponding map, taking u to the rotation described (mapping v 0 to u) above.
As a special case, for u = v 1 , we get the matrix
2 is the diagonal matrix whose entries are all 1 except −1 for the entries corresponding to v 0 and v 1 , representing the 180
• degree rotation in the plane spanned by v 0 and v 1 .
Then we can directly follow the definition in [Ste51, 23.3]: the trivializing maps are given by
The corresponding partial inverses SO(2n + 1) D(1 ± Z) × SO(2n) can be obtained as follows: the image in the sphere is simply given by the projection π : SO(2n + 1) → Q 2n : A → Av 0 (and obviously this is only defined whenever the image lands in the respective coordinate neighbourhood D(1±Z)). The appropriate rotation in SO(2n) can be recovered via
−1 r and p 2 (r) = φ(λπ(r)) −1 λr.
On the intersection of the coordinate neighbourhoods D(Z 2 − 1), the transition function is given as
In particular, since φ(v 1 ) and λφ(λ(v 1 )) are both the rotation from v 0 to v 1 , we find that τ (v 1 ) is the identity, making τ a pointed morphism. As in [Ste51, 23] , it can be checked that the transition function maps a point u ∈ Q 2n−1 = V(Z) ⊂ D(Z 2 − 1) to the composition of a reflection for the vector v 1 followed by a reflection for the vector u. Since v 1 is a unit vector, the reflection for v 1 4 The representing matrix for the relevant rotation has a form very similar to the rotation matrices appearing in [Ste51, Section 23.3], replacing the coordinates t i by t i ± t −i and the denominator 1 + tn by 2 + 2t 0 .
is given by x → x − B(v 1 , x)v 1 . For the orthogonal basis v ±i , every vector except v 1 is fixed, and v 1 changes sign. Then the reflection for u maps v ±i → v ±i −2B(u, v ±i )u (again using that u is a unit vector). If we write, as above,
we get v 1 → −v 1 + 2(t 1 + t −1 )u and v ±i → v ±i − 2(t i ± t −i )u for everything else. Consequently, the matrix for the transition function, expressed in the basis (v 1 , . . . , v n , v −n , . . . , v −1 ) is given by
We can now compose this map Q 2n−1 → SO(2n) with the natural projection
which can equivalently be written as
This is now the morphism Q 2n−1 → Q 2n−1 which induces the connecting map in the long exact A 1 -homotopy sequence.
3.3. A degree computation. Now we need to compute the degree of the morphism Q 2n−1 → Q 2n−1 determined above. We will see later that the attaching map for the long exact A 1 -homotopy sequence for Q 2n−1 → V 2,2n+1 → Q 2n is then obtained as the composition Q 2n−1 → SO(2n) → Q 2n−1 of the clutching map Q 2n−1 → SO(2n) with the natural projection SO(2n) → Q 2n−1 . Hence the degree of the above morphism Q 2n−1 → Q 2n−1 completely describes the attaching map in the long exact homotopy sequence.
By [AF14, Proposition 4.1, Corollary 4.5], the natural map
). Therefore, the degree of a morphism Q 2n−1 → Q 2n−1 can be determined via cohomology. First, a generator for 
, which is the orientation class ξ. With this definition, the degree of the morphism f : Q 2n−1 → Q 2n−1 can now be determined via deg f · ξ = f * (x).
Proposition 3.3. For the morphism π • τ : Q 2n−1 → Q 2n−1 given by mapping (t 1 , . . . , t n , t −n , . . . , t −1 ) to
Proof. We compute the pullback of the orientation class ξ along π • τ . Note that the above map is not flat. This can be seen e.g. by the fact that the preimage of the subscheme V(X 2 , . . . , X n ) under π • τ is
and thus has two components of different (co)dimension. To compute the pullback in terms of Gersten complexes, we proceed as in [Ros96] : factor the morphism π • τ as
of a regular embedding (whose normal bundle is the pullback (π • τ ) * T Q 2n−1 of the tangent bundle of Q 2n−1 ) and a smooth morphism.
The pullback of the class on Q 2n−1 along pr 2 can be described easily: it is given by the class of [X 1 ] on the subscheme V(X 2 , . . . , X n ), where here the X i are viewed as functions on Q 2n−1 × Q 2n−1 via the projection pr 2 .
For the pullback along the regular embedding f : Y ֒→ X, we can use the description given in [Ros96] or [Fas07] , cf. [AF16] for an identification with pullbacks in sheaf cohomology. This definition uses the deformation to the normal cone: in the deformation space
) is then defined by composing the flat pullback along X × A 1 \ {0}, multiplication by the uniformizer of X × {0} ⊆ X × A 1 , followed by the boundary map to the divisor N Y X and finally the homotopy invariance map to Y . Tracing through the definition in the specific case of the graph embedding Q 2n−1 ֒→ Q 2n−1 × Q 2n−1 , we see that the component V(X 1 + X −1 ) doesn't contribute to the pullback cycle (essentially for codimension reasons). The underlying scheme of the pullback cycle is the other component of the preimage, V(X 2 , . . . , X n ), and the pullback of the class [
If n is even, we have [X 
. This is the inverse of the A 1 -Brouwer degree of the antipodal map S p,q → S p,q . In the particular case Q 2n−1 ≃ S 2n−1,n , the Euler characteristic is − −1 n and the degree of the antipodal map is −1 n . The degree of the map Q 2n−1 → Q 2n−1 considered above is 1 + −1 n , i.e. 1 plus the degree of the antipodal map, recovering exactly the classical result in [Ste51, Section 23].
Remark 3.5. For F = C, the complex realization, the motivic degree of the map in GW(C) ∼ = Z is always 2, independent of n. This fits exactly with the classical situation of the torsor SO(2n + 1) → S 2n , where the degree of the map S 2n−1 → S 2n−1 will always be 2 because the sphere is always odd-dimensional.
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For F = R, the A 1 -Brouwer degree of the map in GW(R) ∼ = Z is a rank 2 form whose signature is 2 or 0, depending if n is even or odd. This fits exactly with the topological situation: the split form of O(2n + 1) has maximal compact subgroup O(n) × O(n + 1) and the relevant torsor O(n)-torsor is O(n + 1) → S n . The degree of the attaching map S n → S n is 2 or 0, depending if n is even or odd, exactly as in the motivic situation.
On A 1 -homotopy groups of orthogonal Stiefel varieties
Now we have enough background on the geometry of orthogonal Stiefel varieties V 2,n to determine their A 1 -connectivity and the first non-vanishing A 1 -homotopy sheaves. The Nisnevich cohomology groups with coefficients in the first non-vanishing A 1 -homotopy sheaf will be the natural home for obstructions to splitting off hyperbolic planes.
Proof. The result follows from the long exact sequence in A 1 -homotopy associated to the fibration Q 2d−1 → V 2,2d+1 → Q 2d from Lemma 2.11. The relevant portion of the long exact A 1 -homotopy sequence is the following
2)-connected. In particular, all A 1 -homotopy sheaves to the right of π
. In particular, we can rewrite the above exact sequence as
It remains to identify the map ∂. In the category of strictly A 1 -invariant sheaves of abelian groups, we have an identification
so that ∂ is given by multiplication by some element ∂ ∈ GW(F ). Moreover,
, we can identify ∂ ∈ GW(F ) by tracing through the definition of the connecting map for the special case id Q 2d ∈ π
. The result will be a map Q 2d−1 → Q 2d−1 which represents ∂ ∈ GW(F ). By Lemma 2.11, the connecting map for the fiber sequence Q 2d−1 → V 2,2d+1 → Q 2d can be identified with the connecting map for the fiber sequence Q 2d−1 → B Nis SO(2d − 1) → B Nis SO(2d), applied to the map Q 2d → B Nis SO(2d) which classifies the SO(2d)-torsor SO(2d + 1) → SO(2d + 1)/ SO(2d) ∼ = Q 2d .
To identify the connecting map for the fiber sequence Q 2d−1 → B Nis SO(2d − 1) → B Nis SO(2d), recall that the classifying map Q 2d → B Nis SO(2d) corresponds, via the clutching construction, to a morphism Q 2d−1 → SO(2d). Extending the fiber sequence one step to the left, we get a fiber sequence SO(2d) → Q 2d−1 → B Nis SO(2d − 1). Now the connecting map takes Q 2d → B Nis SO(2d) to the composition
where the first map is the clutching map and the second map is the natural projection. By the previous discussion, the element ∂ ∈ GW(F ) is the degree of this composition. The claim then follows from Proposition 3.3. It remains to identify the cohomology of K
Remark 4.2. In the complex realization, the above is the case V 2,2d+1 is the one with the fibration S 2d−1 → V 2,2d+1 → S 2d where the boundary map π i+1 (S 2d−1 ) → π i (S 2d−2 ) is multiplication by 2. Proposition 4.1 implies that for any field F of characteristic = 2, we have
which are both trivial over algebraically closed fields, consistent with the connectivity of the Stiefel varieties over C. On the other hand, we have
Over algebraically closed fields, both cases are isomorphic to Z/2Z recovering the classical isomorphism π 2d−1 V 2,2d+1 (C) ∼ = Z/2Z. In real realization, there are two cases for the homotopy groups of
The result is Z/2Z whenever d is even and Z whenever d is odd. This is exactly what the above formula reproduces for the real realization.
Combining the above technique with Morel's Freudenthal suspension theorem [Mor12, Theorem 5.60], some more A 1 -homotopy sheaves of Stiefel varieties can be described. The description is not as explicit as the one above, due to our limited knowledge of unstable A 1 -homotopy sheaves of spheres.
Theorem 4.3. Let F be a perfect field of characteristic = 2, and let d ≥ 3. Then for all i ≤ 2(d − 2), there are exact sequences
Proof. The connecting map can be reinterpreted as being induced from the morphism Ω Q 2d → Q 2d−1 . Then we can consider the composition
The first map is the unit of the adjunction Ω A 1 ⊣ Σ A 1 , the second map is the morphism inducing the connecting map. . It is expected that for n ≥ 4 there is an exact sequence of strictly A 1 -invariant sheaves of abelian groups of the form
which becomes short exact after n-fold contraction.
Proposition 4.5. The Stiefel variety V 2,2d is A 1 -(d − 2)-connected. For any n, we have π
n (Q 2d−1 ). In particular, the first non-vanishing A 1 -homotopy sheaf is
Proof. The result follows from the long exact sequence in A 1 -homotopy associated to the fibration Q 2d−2 → V 2,2d → Q 2d−1 from Lemma 2.11. The relevant portion of the long exact A 1 -homotopy sequence is the following 
We claim that the projection V 2,2d → Q 2d−1 has a section. This follows from relative obstruction theory as discussed in Section 2. There is a sequence of obstructions for lifting the identity on Q 2d−1 to a map Q 2d−1 → V 2,2d , these obstructions live in cohomology groups H 
, this implies that all the obstruction groups for lifting the identity vanish, and we obtain the required section Q 2d−1 → V 2,2d . As a consequence, the boundary map ∂ in the above A 1 -homotopy sequence is trivial, and the extension is split. This proves all the claims.
Remark 4.6. Under complex realization, the case V 2,2d is the one with the fibration S 2d−2 → V 2,2d → S 2d−1 . All the boundary map π i+1 (S 2d−1 ) → π i (S 2d−2 ) are zero because they are induced by the sum of the identity and the antipodal map on the 2d − 2-sphere. Therefore, we get short exact sequences
The first non-vanishing homotopy is then π 2d−2 (V 2,2d (C)) ∼ = Z; its motivic analogue is
Over an algebraically closed field, the first summand corresponds to the classical homotopy group and the second summand is K M 1 (k) ∼ = k × ; modulo primes only the first summand is visible. The next homotopy group is π 2d−1 (V 2,2d (C)) ∼ = Z/2Z × Z with the following motivic analogue
In the real realization, Proposition 4.5 corresponds to the case where
Remark 4.7. In particular, computations of the Q 2d−1 -part of the obstruction groups for splitting off hyperbolic planes from quadratic forms will follow from computations of obstruction groups for splitting off trivial lines from projective modules, cf. [AF15] . A 1 -homotopy group sheaves of Q 2d -part can again be related to those of Q 2d−1 via Morel's Freudenthal suspension theorem.
The splitting theorems and examples
Having determined the relevant A 1 -homotopy sheaves of the orthogonal Stiefel varieties V 2,n , we can now deduce the splitting theorems and discuss examples. Theorem 5.1. Let F be a perfect field of characteristic unequal to 2 and let X = Spec A be a smooth affine scheme over F of dimension d. Let (P, φ) be a generically trivial quadratic form over A of rank 2n or 2n + 1. If d ≤ n − 1, then (P, φ) splits off a hyperbolic plane.
Proof. Denote by m the rank of the quadratic form. The stably hyperbolic quadratic form (P, φ) corresponds to a rationally trivial SO(m)-torsor over X, i.e., an element of H Remark 5.2. The splitting result in Theorem 5.1 is a version of a classical result analogous to Serre's splitting result for projective modules. In [Roy68, Theorem 7.2], A. Roy has proved a splitting result which implies in particular that if A is a commutative ring A of Krull dimension d in which 2 is invertible, a stably hyperbolic quadratic form is hyperbolic if the rank of the underlying projective module is ≥ 2d + 2. For stably hyperbolic forms, Roy's result is much more general than Theorem 5.1 because the latter requires the commutative ring to be smooth over a perfect field. On the other hand, [Roy68, Theorem 7.2] needs something close to the stably hyperbolic hypothesis to get the sharp bound where we only need a generically hyperbolic quadratic form. In any case, the alternative A 1 -topological proof has the appeal that it is very close to the arguments one would use in classical topology (which inspired the algebraic proofs of Serre and Roy).
Next, we will discuss what happens at the edge of the stable range. For projective modules, the first obstruction to splitting off a trivial line is given by the Euler class, cf. [Mor12] . Something similar but slightly different happens for quadratic forms. There are again obstruction classes controlling when a generically trivial quadratic form splits off a hyperbolic plane, and they live in the cohomology of X with coefficients in the first non-vanishing A 1 -homotopy sheaf of the appropriate Stiefel variety.
Theorem 5.3. Let F be a perfect field of characteristic unequal to 2 and let X = Spec A be a smooth affine scheme over F of dimension d. Let (P, φ) be a generically trivial quadratic form over A of rank 2d+1 admitting a spin lift. Then (P, φ) splits off a hyperbolic plane if and only if the obstruction class in
Proof. The argument is similar to the one for Theorem 5.1. The relevant first obstruction lives in H d Nis (X; π
The relevant homotopy sheaf of V 2,2d+1 has been determined in Proposition 4.1.
Theorem 5.4. Let F be a perfect field of characteristic unequal to 2 and let X = Spec A be a smooth affine scheme over F of dimension d. Let (P, φ) be a generically hyperbolic quadratic form over A of rank 2d admitting a spin lift. Then (P, φ) splits off a hyperbolic plane if and only if the obstruction class in
Proof. By the relative A 1 -obstruction theory, the relevant obstruction lives in the group H d Nis (X; π 2d ) ) and by the dimension assumption all higher obstructions will vanish. By Proposition 4.5, we have π 
). The last term vanishes by the Gersten resolution for Milnor K-theory. This induces the required presentation.
Remark 5.5. There are natural generalizations of the above results: if the quadratic form doesn't admit a spin lift, we would have to consider cohomology equivariant with respect to the action of π
. Of course, understanding or computing these equivariant cohomology groups is another matter.
Remark 5.6. Note that the splitting for the Stiefel variety implies in particular that the map Q 2d+1 → B Nis SO(2d + 1) factors through the stabilization map B Nis SO(2d) → B Nis SO(2d + 1).
Consequences and examples: odd-rank forms.
Proposition 5.7. Let F be an algebraically closed field of characteristic unequal to 2 and let X = Spec A be a smooth affine variety of dimension d over F . A generically trivial quadratic form (P, φ) over A of rank 2d + 1 which admits a spin lift splits off a hyperbolic plane. 
induced by the projection SO(2d + 1) → V 2,2d+1 . It can be checked on topological realization that this morphism is zero, hence the primary obstruction to splitting off a hyperbolic plane from a rank 2d + 1 form vanishes for the sphere Q 2d .
Example 5.11. A specific example of a stably trivial quadratic form which doesn't split off a hyperbolic plane can also be obtained (but that's more a low-dimensional accident). Consider Q 4 over R. By the results of [Wen17] , the isometry classes of SO(3)-torsors are in bijection with GW(
). The same is true for SO(5)-torsors. The natural stabilization map SO(3) → SO(5) induces the multiplication by 2 on homotopy sheaves, cf. [Wen17] . Finally, the isometry classes of SO(7)-torsors are in bijection with
, and the stabilization map SO(5) → SO(7) corresponds to the rank map dim : GW(F ) → Z. Now we can take an SO(5)-torsor over Q 4 corresponding to a class in GW(R) of rank 0 and odd signature. This torsor becomes trivial after adding a single hyperbolic plane, but it doesn't split off a hyperbolic plane because its invariant in GW(F ) isn't divisible by 2.
Remark 5.12. At this point, we have no precise information about the obstruction classes. An obvious guess is that the obstruction classes for 2d + 1-rank forms with d ≡ 1 mod 2 are integral Stiefel-Whitney classes. In this case, the obstructions would vanish for stably trivial forms. However, looking at the conjectural structure of the first unstable A 1 -homotopy sheaf of SO(2d + 1), cf. the discussion in Appendix A, it's also conceivable that the obstruction classes for odd-rank forms vanish altogether. In any case, one would expect significantly stronger splitting results than those discussed in the present paper. Very likely, an investigation of the Chow-Witt rings of B Nis SO(2n + 1) would be a relevant step for the identification of the obstruction class.
5.3.
Consequences and examples: even-rank bundles. Recall from Theorem 5.4 that for a generically split quadratic form over a smooth affine scheme X = Spec A of rank 2d the first obstruction to split off a hyperbolic plane lives in
. We now want to discuss the relation between the Chow-Witt part of the obstruction class and the Euler class of quadratic forms as defined by Edidin and Graham in [EG95] .
Let F be a field of characteristic = 2, and let V be an n-dimensional F -vector space. Equipping V ⊕ V ∨ with the quadratic form ev(v + φ) = φ(v) given by evaluation, we can concretely realize the special orthogonal group SO(2n) as the linear automorphisms of V ⊕V ∨ preserving the evaluation form. If we choose a basis e 1 , . . . , e n of V with the corresponding dual basis e ∨ 1 , . . . , e ∨ n , then the evaluation form is given by ev :
In the basis e i + e ∨ i , e i − e ∨ i the evaluation form is given by a sum of squares of signature (n, n).
spaces after Lemma 5.13. Consequently, in the case of hyperbolic bundles as above, (2) This follows from Theorem 5.4 and (1). Since F is quadratically closed, the
Nis (X, W) is also trivial since we have an exact sequence
In particular, the W-cohomological contribution to the obstruction class vanishes. Then (1) shows that the obstruction class in Remark 5.15. The above result actually means that the obstruction class reduces to the Chow-Witt-theoretic Euler class of a maximal-rank isotropic subbundle, whenever it exists. However, it is not clear that this already uniquely determines the class as a characteristic class in the Chow-Witt ring. Further analysis of the Chow-Witt rings of classifying spaces B Nis SO(2n) would be required for that.
Here is a final example of the existence of quadratic bundles whose underlying vector bundles are trivial.
Theorem 5.16. Let F be a perfect field of characteristic = 4. For any m ≥ 1, there exists an oriented quadratic form of rank 8m over the quadric Q 8m+1 which is generically trivial, stably nontrivial, and whose underlying vector bundle is trivial.
Proof. By [ST13] , we have an identification
, by the identification of negative higher Grothendieck-Witt groups and Balmer's triangular Witt groups. So there are no maps unless n ≡ 0 mod 4, and in this case we have [Q 2n+1 , B Nis SO(∞)] H (F ) ∼ = W(F ). By the stabilization results, we have
in particular we have a surjection [Q 2n+1 , B Nis SO(2n)] H (F ) ։ W(F ) so that we can choose a nontrivial map Q 2n+1 → B Nis SO(2n) detected on W(F ). This corresponds to an oriented quadratic form of rank 2n on Q 2n+1 which is generically trivial but stably nontrivial. Now consider the composition
which corresponds to taking the underlying vector bundle. This is way inside the stable range, so we have [Q 2n+1 , B GL 2n ] ∼ = (K Q n ) −n−1 = 0, i.e., the quadratic form we have "constructed" has trivial underlying vector bundle.
Remark 5.17. This is an algebraic version of the example in the answer of David Chataur to MathOverflow question 112764 of a real vector bundle which is stably nontrivial but has trivial characteristic classes. The above example would have all the characteristic classes in CH
• (B O(2n)) trivial: either use the fact that these classes are generated by Chern classes of the underlying vector bundle or use the fact that CH >0 (Q 2n+1 ) = 0 since Q 2n+1 ∼ = A n+1 \ {0}. However, the triviality of the underlying vector bundle also implies that Chow-Witt characteristic classes induced from B Nis SO(2n) → B GL 2n would also all be trivial. At this point, it is not clear if all characteristic classes in CH • (B Nis O(2n)) are induced from the underlying vector bundle. As mentioned, the questions of Chow-Witt characteristic classes of quadratic forms will be discussed elsewhere.
Appendix A. On stabilization sequences for orthogonal groups
In this section, we discuss the stabilization sequences for orthogonal groups. The results concerning the A 1 -homotopy sheaves of orthogonal Stiefel varieties are used to deduce some statements concerning unstable A 1 -homotopy sheaves of the orthogonal groups.
Recall from Section 2 that there are A 1 -fiber sequences
These induce corresponding long exact sequences of A 1 -homotopy sheaves
The goal of the section is to provide some more information concerning the first unstable pieces of these sequences.
A.1. The stable range. We begin with a discussion of the stable range.
Proposition A.1. Let F be a perfect field of characteristic = 2.
(1) The natural morphism π
Proof.
(1) The relevant piece of the stabilization sequence is
In particular, the stabilization morphisms are isomorphisms for i + 1 ≤ n − 1 which is exactly the range claimed.
(2) Similar argument. By Proposition 4.5, V 2,2n+2 is A 1 -(n − 1)-connected and therefore the stabilization morphisms are isomorphisms for i + 1 ≤ n − 1.
Remark A.2. The A 1 -homotopy sheaves of B Nis SO(∞) are given by the higher Grothendieck-Witt sheaves GW 0 n , cf. [ST13] . Over algebraically closed fields, this reproduces the well-known classical homotopy groups of B O as follows: for the odd-dimensional quadrics, we have
By the usual identification of Balmer's triangular Witt groups, W 1−n (F ) = 0 for n ≡ 1 mod 4. For n ≡ 1 mod 4, these agree with the Witt groups of the field. In particular, over algebraically closed fields, this reproduces the classical pattern Z/2Z, 0, 0, 0 in the odd-degree homotopy groups of B O. Similarly, for the evendimensional quadrics we have To identify a, we consider the composition K n ) ∼ = (I n ) −n−1 (F ) ∼ = W(F ). In particular, any morphism K MW n+1 → I n factors as composition of the natural projection K MW n+1 → I n+1 , the inclusion η : I n+1 ⊂ I n and multiplication by some element 6 Note that the statements in [Sch17] or [ST13] refer to theétale classifying spaces while our interest here is in the Nisnevich classifying spaces. These classifying spaces are not A 1 -weakly equivalent (because not all quadratic forms are rationally split). However, the differences is in the connected components, both spaces have S 1 -loop space equivalent to O(∞) and hence the higher homotopy groups of the connected component of the trivial torsor agree. from W(F ). The morphism factors through K MW n+1 /2 if the corresponding element in W(F ) is 2-torsion.
To determine the element (and consequently the morphism), we consider the nfold contraction of the map. This can be described geometrically, as follows: given a morphism in [Q 2n , V 2,2n+3 ] A 1 ∼ = π For the actual computation, the morphism Q 2n → V 2,2n+3 factors through the inclusion Q 2n+1 ֒→ V 2,2n+3 because the composition Q 2n → V 2,2n+3 → Q 2n+2 is null-homotopic for connectivity reasons. In particular, the composition Q 2n → V 2,2n+3 → B Nis SO(2n+1) factors through B Nis SO(2n). The corresponding clutching map Q 2n−1 → SO(2n) was described in Section 3. The composition Q 2n−1 → SO(2n) → SO(2n + 1) ։ V 2,2n+1 again factors through the inclusion Q 2n−1 → V 2,2n+1 because connectivity forces the composition with V 2,2n+1 → Q 2n to be null-homotopic. The above composition can therefore be written as Q 2n−1 → Q 2n−1 ֒→ V 2,2n+1 where the first morphism is an endomorphism of the sphere whose degree is H by Proposition 3.3. In particular, the class in [Q 2n−1 , V 2,2n+1 ] A 1 ∼ = W(F ) is trivial, irrespective of the morphism Q 2n → V 2,2n+3 we started with.
7 Consequently, the stabilization sequence reduces to an exact sequence The same argument as previously, tracing throught the definition of the map using the explicit geometric description of the clutching map, implies that this morphism is zero. Consequently, we get a sequence
n−2 (SO(2n − 1)) → GW 0 n−1 → 0. Remark A.4. We shortly discuss the structure of the sequences over algebraically closed fields after n-fold contraction.
In the case n ≡ 1 mod 2, the n-fold contraction of the first map has the form GW −n 0 (F ) → W(F ), and GW −n 0 (F ) is either 0 (if i ≡ 3 mod 4) or Z/2Z (if i ≡ 1 mod 4). In the latter case, we can check in topological realization that the morphism must be trivial. In particular, after n-fold contraction, we get a short exact sequence 0 → W(F ) → π In the case n ≡ 0 mod 2, the n-fold contraction of the first map jas the form GW −n 0 (F ) → GW −n 0 (F )/2, and we now have GW −n 0 (F ) is either GW(F ) (if n ≡ 0 mod 4) or Z (if n ≡ 2 mod 4). Again, over algebraically closed fields, we can check on topological realization that the morphism is zero; in particular, it couldn't just be the natural reduction morphism.
7 As usual, the philosophy is that the above map is always induced from a morphism defined over Z[1/2], and there are no 2-torsion elements there.
Remark A.5. In the complex realization, we have the sequence π 2n−1 (V 2,2n+1 ) → π 2n−2 (SO(2n − 1)) → π 2n−2 (SO(2n + 1)) → 0.
The last group is stable and the first group is Z/2Z. By the tables in [Ker60] , we see that the middle group is a split extension of these two, in particular, the above sequence is also exact at the left.
The same picture appears in the real realization: we have the sequence π n−1 (V 2,n+1 ) → π n−2 (SO(n − 1)) → π n−2 (SO(n + 1)) → 0.
The last group is again stable, and the first group alternates between Z/2Z and Z. The tables in [Ker60] imply as before that the middle group is a split extension of the two outer ones. In particular, the first non-stable homotopy group of the orthogonal group is a product π n−1 (SO(n)) ∼ = π n−1 (SO(∞)) × π n (V 2,n+2 )
for n ≥ 8.
One might therefore suspect that in the sequences of Proposition A.3, the respective morphisms GW 0 n → π A 1 n−1 (V 2,2n+1 ) are trivial, describing the first unstable A 1 -homotopy sheaf of the orthogonal groups SO(2n − 1) as an extension. Probably splitness (as in the topological case) of the sequences in the A 1 -homotopy setting would be too much to ask, but the comparison to topology would suggest that at least the corresponding cohomology operations 
